The purpose of the present paper is to develop some aspects of a cohomology theory in the category of C comodules, where C is a bialgebra. This cohomology theory generalizes the rational cohomology of affine algebraic groups and also the cohomology of Lie Algebras. We develop the theory up to the point where we can guarantee the convergence of the analogue of the Hochschild Serre spectral sequence and the convergence of another spectral sequence, which is a natural generalization of the result known as Shapiro's lemma in the cohomology theory of finite groups.
1. Introduction. The attempts to generalize the Hochschild-Serre (or Lyndon-Hochschild-Serre) spectral sequence for the rational cohomology have a long history. One of the main difficulties was the fact that it is no longer evident (as it is for finite groups) that if AT is a closed normal subgroup of G then the algebra P(G) of polynomial functions on G is injective as a /^-module. A first remark about the need to prove that result was made by Hochschild in [4] . Recently, Cline, Parshall and Scott in [1] and Habousch in [3] proved the above injectivity result and established the validity of the spectral sequence. Here we prove a generalization of the above result, namely that if C and D are commutative Hopf Algebras over a field and π: C -» D is a normal surjective Hopf Algebra map, then C is injective as a D-comodule (Theorem 4.13).
We begin with a brief description of each section:
Cohomology of comodules.
Here we introduce the cohomology theory with which we shall be concerned throughout the paper. We present it axiomatically and also construct an explicit resolution functor whose homology gives us the cohomology of comodules. The definition of this comodule cohomology seems to have been known to some specialists and was communicated to the author by G. Hochschild.
Normal maps and actions on the cohomology.
This section is of a technical nature and has the main purpose of establishing the generalization to the category of comodules of the conjugation action of a group G on the cohomology H ι (K, M) where M is a (/-module and K a normal subgroup of G.
Proof. Let M be a C-comodule. Then x M :M-*M®Cisa C-comodule map when we endow M with the structure χ M and M ® C with structure id ® Δ. As χ M is a relative embedding (follow it by id ® ε) our result follows from Lemma 2.1. D DEFINITION 2.3 . We say that a C-comodule Y is coinduced if it is of the form X ® C with structure id ^ ® Δ for some /?-module X.
If we consider the functor M -* M c from β^ to 91L(/?) we see easily from the general theory of derived functors in abelian categories that the following result holds. THEOREM 2.4 . There is one, and {up to equivalence) only one cohomologicalfunctor H"(C, -) , n > OJrom 691L(C) to 911 (7?) Now, we shall describe an explicit resolution functor and express the cohomology functors in terms of that resolution. Then we will describe them in terms of another more manageable resolution ("non homogeneous cochains").
Given and c G C. In order to verify (2) This is a relatively injective resolution of V. Consequently, H"(C, V) may be identified with the homology of the complex ^(F) obtained applying the first part functor to β(F) and deleting the first Λ-module. 
This shows that the complex Φ(F) is isomorphic to the complex
Thus, we can compute H"(C,V) explicitly as the homology of the complex above. Let us write δ, and δ 2 explicitly
In other words
Hence, we have
where U -{χ v (x) -x® l c |x G F}. In the case where the comodule structure of F is trivial we have
Recall that the trivial comodule structure on F is the one that maps v into υ ® 1, for every v in F. The natural generalization of this situation would be to take a pair of Hopf Algebras C and D and a normal surjective bialgebra map π: C -» D and construct a C ^-comodule structure on H'(D, M) for every C-comodule M. In order to shorten certain long computations and have a simpler notation we shall consider the following (nominally) more general situation. DEFINITION 3.1. Let C and D be Hopf Algebras over a commutative ring R (as usual these are supposed to be flat as R modules).An adjoint C-structure on D is a C-comodule structure θ on D such that the following diagrams are commutative.
Normal maps and actions
where # El 0 is the tensor product comodule structure whose properties we recall below. For any bialgebra C and for any pair of C-comodules M and Λ^ with structures χ M and χ^, the map
is a C comodule structure on M ® N. Recall that s stands for the switching map. When we consider the Λ-module M ® N with the structure χ M M χ N we shall denote it as M 8 TV. It is easy to prove that if /: M -> M\ g: N -> N' are C-comodule maps, then /® g: MS TV -* M r El 7V r is a C-comodule map. 
Ifxjwi) = Σm l ® ^, we have 2m ( ® (id 0 μ)(j ® Applying/we deduce our result. 
We proved in §2 that the homology of this complex is H ι (D, a(M) 
By induction we have
Using that 6id c = (id c ® id D )β, we deduce after taking tensor products (see comments after Def. 3.1), that
For the other summands of δ^,, the proof is based on the same principles.
• Using a similar inductive argument we prove (D, a{M)) are C-comodule maps.
Proof. The existence of χ k follows from Lemma 3.4. The fact that χ () coincides with χ M follows from the very definition of χ 0 . The fact that the
C-comodule maps follow from Lemma 3.5. The only part that still requires proof is the assertion that the connecting homomorphisms are C-comodule maps. This will follow from the considerations below. Let X be an arbitrary bialgebra that is flat when considered as an jR-module, and let A be a complex of A^-comodules and JΓ-comodule maps. We define an X-comodule structure on //(A) as follows. Let r + ί/ / _ 1 (^l / _ 2 ) EH'~\\) then(d® id)χ(r) = \dr = χθ = 0, since X is Λ-flat this shows that χ(r) E (Kerd) ® X, i.e., there are r } E Ker d and
we have r = rfr, and then χ(r) -χ(^) = (rf ® idjχίη) E J^^T hus x induces a map χ from H(A) to //(A) ® X where Let 0->A-*B^C-*0 be a short exact sequence in the category of complexes of X-comodules. We have the diagram
where all the squares are commutative, all the rows are exact, all the objects are X-comodules and all the maps are X-comodule maps. Now we recall the definition of δ: 
On the other hand,
Thus, there are elements a] in ^^j and vv 7 in X such that Hence, Σ dbj ® ^y -Σ dm r ® z r = Σ dα^/ ® w 7 . Using dm r -as r and (1) we obtain
As α is injective and Xis flat as an /?-module, we conclude that Then i.e., χδ = (δ®id)χ. D
The following results generalize the fact that for finite groups not only G acts on the cohomology H'(K, M) by conjugation, but that this action factors through K, giving an action of G/K on H'(K, M). THEOREM 3.7 . Let X be a Hopf Algebra over a commutative ring R and let θ x be an adjoint X-structure on X. Then //(id ® μ)(s ® id)(id ® Θ X )Δ = Δ, the identity functor id: 69H( X) -* β9H(X) w compatible with the structure θ x . Moreover, the structure χ k defined as in Theorem 3.6 is trivial (i.e. χ k (x) = x® I for every x E H k (X, Af)).
Proof. Referring to Definition 3.2, conditions (a), (b), (c) and (d) are trivially verified. As to (e), we have to prove that if χ M is an X-comodule structure on M, then
It is clear that (χ M ® id)χ M = (id ® Δ)χ M and our hypothesis, imply the equality above. As to the triviality of χ k we proceed by induction (dimension shifting). The axioms of the cohomology theory we are looking at, guarantee, for every M, the existence of an exact sequence 0 -» M -> X M -> 5^ -» 0 in the category S9H(X) such that the maps are surjective for every i > 0. By Theorem 3.
As the result is obvious for k -0, our proof is finished.
• Now, let us return to the situation of Theorem 3.6. Let Δ be the comultiplication on C, and let Δ α : C -> C ® D be the Z>-structure associated with Δviaα. Assume that the map U:
Consequently, by Theorem 3.7, 0 α will be an adjoint Z>-structure on D compatible with the identity functor on & ζ U\L (D) . Now consider the map 
Proof. The only assertions requiring a proof (see Theorem 3.6) are
then, since (χ*) β (*) = x ® 1 (see comments after Theorem 3.7), we have Σx έ ® c t ® 1 = Σx έ ® Δ α (ς ). Since we are working over a field, we may conclude that
. Our result will be proved as soon as we have shown that
10. Let C be a Hopf Algebra defined over a ring R and assume that the antipode of C is involutory. The map θ: C -> C ® C, 0 = (η ® μ)(Δη ® id)Δ is called the conjugate comodule structure on C.
As Δη = *s(τj ® η)Δ and η 2 = id, we have
DEFINITION 3.11. Let C and D be Hopf Algebras defined over a ring i?, and assume that the antipode of C is involutory. Let π: C -> Z> be a surjective bialgebra map. We say that 77 is normal if 0(Ker π) C (ker π ® C) where 0 is the conjugate structure defined above.
In the situation of Definition 3.11 there is a unique map θ that makes the diagram that follows commutative.
12. Let C, Z>, θ, θ and π as above. Then θ is an adjoint Cstructure on Z>, in the sense of Definition 3.1.
Proof. Using the fact that TΓ is a bialgebra map it is easy to reduce that Lemma to the case C = Z>, π = id, θ = θ. In that case, we have to prove (a) θ is a C-comodule map.
The verification of (b) and (d) is more or less immediate. As to (a) and (c), we shall verify (a). The verification of (c) is similar but longer. We leave if for the patient reader. We check that (id ® Δ)0 = (θ ® id)0. Using the definition of θ and the equalities Δη = s(η ® η)Δ,
By coassociativity,
Therefore, in order to prove that (θ ® id)0 = (id ® Δ)0, all we have to verify is that
This equality can be verified directly. G
Now for arbitrary coalgebras, we can make the following definition. There are a few things to verify in the definition above, all of which are immediate. LEMMA 3.14. Let C, Z>, TΓ, θ, and θ be as in Lemma 3.12 . Then, the functor 77^ is compatible with the adjoint structure θ.
Proof. Referring to definition 3.2, the only condition not immediately clear is condition (e). Again an easy argument reduces our verification to the case C = 2), π -id, θ -θ, in which case condition (e) of Definition 3.2 reads:
it is enough to prove that
If we write down the definition of θ in the formula above we obtain
As μ(id ® τj)Δ = uε and (id ® μ)(s ® id)(wε ® id ® id)(id ® Δ) = id, we deduce our result. D
In the case of Lemma 3.14, Δ^ = (id ® ττ)Δ. Then the map U considered in Theorem 3.8 coincides with π and consequently is surjective. Therefore, Theorem 3.8 yields the following result: 
Induced comodules and injective comodules.
In this section we shall study cetain injective comodules in order to be able to prove that the spectral sequences of §5 converge. We shall generalize results on injective comodules from [4, 5] [1] and [3] . If we tensor (**) with c rj9 apply id ® id ® η and multiply, we obtain
WALTER RICARDO FERRER SANTOS
This is exactly condition (*). In a similar way we can go from (*) to (**). D THEOREM 
Let C be a Hopf Algebra over a field with inυolutory antipode. Let M be an arbitrary C-comodule, and let F M denote the functor from β9ϊt(C) to 91t(fc) given by F M (V) = (Af B V) c . Then M is ίnjectίυe as a C-comodule if and only if the functor F M is exact. (Note that the functor F M is always left exact.)
Proof. It is easy to see (using a Zorn's Lemma type of argument) that M is injective as a C-comodule if and only if for every pair (V l9 V 2 ) of finite dimensional C-comodules, for every injective C-comodule map a: V λ -» V 2 and for every C-comodule map /: V λ -* M, there exists a C-comodule map/:
In a similar fashion we can reduce the proof that F M is right exact to the finite dimensional case. Denote β9Hγ(M) the category of finite dimensional C-comodules, and let us call i the functor from β9Ry(C) to itself that sends V to K*. We have proved that, on Q?lt f (C) 9 
F M i is naturally equivalent to Hom c ( -, M). The C-comodule M is injective if and only if the functor Hom c (-, M) from Q<Ut f (C) to 91t(&) is left exact. Thus, it is clear that, on β9H / (C), F M right exact implies that

.3. In the situation of Theorem 4.2, M is an infective C-comodule if and only if H\C, M S V) -0 for every C-comodule V. D
Now consider the following situation. Let C and D be coalgebras over a field /c, and let π: C -» D be a surjective coalgebra map. In §3, we constructed the functor π*: β^iC) ^ β^iD).
We shall see that π* has a right adjoint 77* that is closely related to the functor F M constructed above, for M = π*(C).
Let F be a Z)-comodule with structure χ κ . We define a map Φ κ : V® C -> V® D® C by Φ κ = (χ κ ® id Γ ) -id κ 0 (77 ® id)Δ c . It is immediate that, with respect to the C-comodule structure id ® Δ on V® C, the kernel of Φ κ is a subcomodule. Using the notations of [8] , Ker Φ v is the cotensor product of the right D-comodule V with structure Xy and the left Z)-comodule C with structure (π ® id)Δ c . Another interpretation of the C-comodule Ker Φ v with structure id ® Δ is the following. The coalgebra structure of C induces an algebra structure on C* (dual space of C). If V is a C-comodule, we can associate to it a C*-module in the usual fashion. (The base space is the same Vand if v E Vand/ E C*, f Ό -Σ 7 /(c,)υ /? where χ v (v) = Σc, ® υ r ) If 77: C -* D is a surjective coalgebra map, it induces an injective algebra map from D* into C*. In that case if V is a Z>-comodule, Ker Φ κ is a C-comodule that, with the associated C*-module structure, is isomoφhic with Hom^C*, V). Here, we are considering V as a D*-module as above and C* as a D*-module via the injection from D* into C*, and Hom D *(C*, V) is endowed with a C*-module structure in the usual fashion.
If C = P(G) and D = P(K), with K a closed subgroup of the affine algebraic group G, and m is the restriction map, the space Ker Φ v with the structure (id ® Δ) is the induced representation functor studied in [1] .
It is easy to see that if/: V -> Wis a moφhism of Z>-comodules, then (/®id)(KerΦ κ ) CKer<V It only remains to be proven that if h: W -> 77*(F) is a C-comodule map such that E v π*(h) = 0, then h = 0. We have (h ® id)χ^ = (id ® Δ)Λ. Applying (id ® ε ® id), we obtain
If A(x) = Σ ϋ, ® c, we deduce from the last equality that ((id ® ε)h ® As E v mji -0 we deduce that the left hand side is zero when we identify V ® R with V and (id ® έ)h with E v π*(h). In these terms, the right hand side becomes Σ Ό i ® c r Thus we have h(x) -0. G COROLLARY 4.7. π* w α πg/tf adjoint of π*.
In the situation of Definition 4.4, we can consider the functor K*(C)
from β?fk(D) to 9Il(fc). Now, F πΛC) {V) = (TΓ^C) H F)^ and π*(C) ® F has a natural right C-comodule structure given by
We shall verify that, when ^^(C) ® Fis endowed with this right C-comodule structure, then (π^C) 13 V) D is a right C-subcomodule of π*(C) ® F. Consider (Δ ® id ® id)((id ®ττ)Δ 13 χ κ ). By direct computation one finds that
It is clear then that if
Consequently, (π*(C) ^ V)
D has a natural structure of right C-comodule.
Now assume that C is a Hopf Algebra. We know that, using the antipode of C, we can transform any right C-comodule structure χ M onM into a left C-comodule structure χ M : M -* M ® C, where
In that fashion, when C is a Hopf Algebra, (*τ*(C) 13 F)^ has a natural left C-comodule structure given by (id ® id ® η) ( s lf23 (Δ ® id κ ). Changing the order and multiplying on the left hand side, we deduce that
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By direct computation with the switching operators we get
This is exactly the equality (*). In a similar way we can go from (*) to (**). Establishing (b) amounts to verifying that
The last equality follows from an elementary manipulation with switching maps We apply this criterion of injectivity in order to prove that, if the map 77 is normal and C and D are commutative, then π*(C) is injective. We shall use the following two results from [7] . It is easy to prove that these are right C-comodule structures. Next, look at the maps ψ = (id ® μ)((ττ ® id)Δ ®* c id):
where, as before, / stands for the canonical map C ® C ->C ®^CC. Proof. First, we show that ψ is a morphism of right Z>-comodules. This amounts to proving that the diagram below is commutative. 
WALTER RICARDO FERRER SANTOS
If we add to the above diagram the map
we need only check the commutativity of the two subdiagrams. The resulting square on the left is commutative because π is a coalgebra map, and the resulting square on the right is obviously commutative. Next, we show that ψ and φ 0 are inverses to each other. Look at
From the very definition of i and ®D C we have that
The last equality follows from the fact that μ(id ® η)Δ = uε. Since π ® id is surjective, we conclude that ψφ 0 = id. Now, we observe, that:
If we replace φ o (π ® id) with φj and write out φ λ explicitly, we find from an argument similar to one above (relying on the fact that η is an antipode) that: Hence,
The equality before the last comes from the fact that φ 0 and ψ are mutually inverse maps. Next, we check that 
By Theorem 4.11 φ 0 is a right Z)-comodule map. Therefore, Consequently (a ® id)(τ7*(F,)) = ττ*(F 2 ) if and only if a® id: V λ ® C-^ F 2 ® C is surjective. Since α is surjective our conclusion follows. D Now we have the injectivity results for comodules that we need in order to establish the spectral sequences of §5. Before proceeding to do that, we establish one other result that is sometimes useful as a criterion for injectivity, and is a generalization of [5] , Proposition 2.2.
Lemma 4.14 is contained in [6] , our proof is not different from Sweedler's but is more compatible with our notation. For the next two results our coalgebras need not be flat as i?-modules. Proof. In convolution notation, we have Q -id * σπη.
For the last equality we used that Δμ = (μ ® μ)(id 0 5® id)(Δ ® Δ) and the fact that TΓ is an algebra map.
Thus,
As σ is a i)-comodule map, we have
Using that Δ-77 = (77 ® 77)Δ and Δη = s(η ® η)Δ, we get
Using associativity of μ, coassociativity of Δ and the fact that 77 is an algebra map, we get 
= id * (σπη * σπ).
As στ7 is an algebra homomorphism, σπη * σπ = μ(σπ ® σπ)(η ® id)Δ = σπμ(η ® id)Δ -σπuε -uε. Consequently, βα = id * wε = id. Now, α is obviously a Z)-map, therefore, the only thing that still requires a proof is that β is a D-comodule map, i.e. that (id ® π)Aμ(Q ® σ) = (μ(Q ® σ) ® id)(id ® Δ).
We have, (id ® ττ)Δμ(ρ ® σ) = (μ ® μ)(id ® s ® id)(id ® 77 ® id ® w)(Δ ® Δ)(β ® σ) = (μ ® μ)(id ® J ® id)((id ® τr)Δβ ® (id ® ττ)Δσ).
Using that σ is a Z)-comodule map, we obtain (id ®π)Δμ{Q® σ) = (μ ® μ)(id ® 5 ® id)((id ® ττ )Δβ ® σ ® id)(id ® Δ).
To finish the proof that ^8 is a i)-comodule map, all that needs to be verified is that (μ ® μ)(id ® s ® id)((id ® π)AQ ® σ ® id) = μ(β ® σ) ® id. COHOMOLOGY OF COMODULES 209 We have (μ ® μ)(id ® s ® id)((id ® π)Δρ ®^ id)(;t β^z) = (μ ® μ)(id ® 5 ® id)(g(jc) ® 1 ® σj ® z) = β(x)σ>> ® z.
As (μ(<2 ® σ) ® id)(x ® j ® z) = β(x)σ(^) ® z, our proof is finished. D 5. Two spectral sequences. First, we establish the validity of the Hochschild-Serre spectral sequence for the cohomology of comodules. We proved before (Theorem 3.15 and Lemma 3.9) that F(M) G e^iπ^C) 0 ) and that (G o F)(M) = M c . The general theory of Grothendieck spectral sequences (see [2] ) will give the theorem as soon as we prove (i) / injective in 691t(C) implies F(I) G-acyclic.
(ii) The derived functors of F are π* composed with the 2)-cohomology functors.
It is enough to check (i) for / = C. In that case F(I) = 7r^(C) D and our conclusion follows from Lemma 2.1. As to (ii), since π is normal, π*(C) is injective in β?Jlt(Z>). Consequently, the canonical resolution for Mas a C-comodule that we constructed in §2, gives us (after applying π*) an injective resolution π*(M) by injective Z)-comodules. Consequently the z'th derived functors of F are functors i/'(25, π*()).
• is the so called restriction map.
It may be useful for some calculations to have a direct proof of the exactness of the sequence above. We shall sketch here such a proof.
Let M be a C-comodule and consider an exact sequence in β < Dll(C)
(1) O^M -» *-> L^O with X coinduced. Taking the D cohomology sequence of (1) we obtain an exact sequence and an isomorphism 
{D
We have used here that X, when considered as a Z)-comodule, is injective. We split the sequence (2) into a pair of short exact sequences in the category β9L(C D ) as follows: The long exact C D cohomology sequence that we obtain from (4) will give, after we identify all the terms, the seven term sequence. 
